In this paper, we prove several new results on chromatic index critical graphs. We also prove that if G is a ∆(≥ 4)-critical graph, then
(2) If k = ∆, then u is adjacent to at least two major vertices.
Remark 1. Let G be a ∆-critical graph and let u ∈ V (G). By Lemma 1, u is adjacent to at least two major vertices of G.
Lemma 2 (Zhang [12] ). Let G be a ∆-critical graph, xy ∈ E(G) and d(x) + d(y) = ∆ + 2. The following hold: (1) Every vertex of N(x, y) \ {x, y} is a major vertex.
(2) Every vertex of N(N(x, y)) \ {x, y} is at least of degree ∆ − 1.
(3) If d(x), d(y) < ∆, then every vertex of N(N(x, y)) \ {x, y} is a major vertex.
Properties of ∆-critical graphs
In this section, we always assume that G is a ∆(≥ 3)-critical graph, xy ∈ E(G) and π is a ∆-coloring of G − xy having image set Γ = {1, 2, . . . , ∆}. Given a k-coloring π of G having image {1, 2, . . . , k}, we note C π (v) = {π (e) | e ∈ E(G), e is incident with v} and C π (v) = {1, 2, . . . , k} \ C π (v). Thus, C π (x) = ∅ and C π (y) = ∅, and so C π (x) ∪ C π (y) = ∅. It is clear that k ∈ C π (x) ∩ C π (y) if and only if k ∈ C π (x) ∪ C π (y) for any k ∈ Γ , and
Lemma 3 (Zhang [12] ). Let G be a ∆-critical graph and let u 0 u 1 ∈ E(G). Then for every ∆-coloring π of G − u 0 u 1 and every π-acceptable path u 0
Lemma 4 (Zhang [12] ). Let G be a ∆-critical graph and let u 0 u 1 ∈ E(G). Let π be a ∆-coloring of G − u 0 u 1 and let P = u 0 u 1 u 2 . . . u n be a path. If P is π -acceptable, then n i=o d(u i ) ≥ n∆ + 2.
Lemma 5 (Zhang [12] ). Let yuw (w = x) be a path of G and let {π (yu), π (uw)} ⊂ (C π (x) ∪ C π (y)). Then
Zhang gave the following definition in [12] for studying critical graphs. Two ∆-colorings π and σ of G − xy are called similar if 1. C π (x) ≡ C σ (x) and C π (y) ≡ C σ (y); and 2. σ (e) = π (e) if π (e) ∈ C π (x) ∩ C π (y), or σ (e) ∈ C σ (x) ∪ C σ (y) if π (e) ∈ C π (x) ∪ C π (y), for any edge e of G − xy.
Clearly, this similarity relation in ∆-colorings of G − xy is an equivalence relation.
Lemma 6 (Zhang [12] ). Let w ∈ V (G) \ {x, y} and let e be an edge incident with w. Let (S ∪ {π (e)}) ⊂ (C π (x) ∪ C π (y)) and let k ∈ S. If 2 ≤ |S| ≤ |C π (w) ∩ (C π (x) ∪ C π (y))|, then G − xy has ∆-coloring σ similar to π such that σ (e) = k and C σ (w) ⊃ (S \ {k}).
Lemma 7 (Zhang [12] ). Let w ∈ V (G) \ {x, y} and let e be an edge incident with w. Let (S ∪ {π (e)}) ⊂ (C π (x) ∪ C π (y)) and let k ∈ S. If d(x), d(y) < ∆, and 2 ≤ |S| ≤ |C π (w) ∩ (C π (x) ∪ C π (y))| + 1, then G − xy has a ∆-coloring σ similar to π such that σ (e) = k and C σ (w) ⊃ (S \ {k}). We now apply above lemmas to prove the following theorems.
Proof. If d(x) = 2 or xw ∈ E(G), then this result follows by Lemma 1. We now assume that xw ∈ E(G) and
. Then yuw and yvw both are paths of G.
Suppose that π (yv) = π (uw) ∈ C π (x) ∩ C π (y). (The proof for the other case is similar.) Then {π (yu), π (vw)} ⊂ C π (x) ∪ C π (y). Let S = {k, π (yu)} where k ∈ C π (y). By Lemma 6, we may assume that π (wv) = k and π (yu) ∈ C π (w). We choose σ as follows: σ (yv) = π (wv), σ (wv) = π (yv), σ (yu) = π (wu), σ (wu) = π (yu), σ (xy) = π (yu), and σ (e) = π (e) for every other edge e. Then σ is a ∆-coloring of G, which is a contradiction.
Since π (yw) ∈ C π (x) ∩ C π (y) and d(w) ≤ ∆ − 2, {π (yu), π (uw)} ⊂ C π (x) ∪ C π (y) and |C π (w) ∩ (C π (x) ∪ C π (y))| ≥ 2, contradicting Lemma 5(1). Theorem 10. Let |G| = 2k and let e(G) ≥ (k − 1)∆ + l. We have
loss of generality, we assume that xwz is a path of G.
Let π be a ∆-coloring of G−xy with color classes E 1 , E 2 , . . ., E ∆ , and let |E 1 | ≥ |E 2 | ≥ · · · ≥ |E ∆ |. Since e(G) ≥ (k−1)∆+3,
Therefore,
By Lemma 3, neither xyz nor yxz is π -acceptable. Hence, π (xz), π (yz) ∈ C π (x) ∩ C π (y) by the definition of the πacceptable path. Since |C π (x) ∩ C π (y)| = 2, C π (x) ∩ C π (y) = {π (xz), π (yz)} and π (wz) ∈ C π (x) ∪ C π (y). By Lemma 5(2), π(wx) ∈ C π (x) ∩ C π (y) and hence π (wx) = π (yz).
Let S = {i, k} where k ∈ C π (x) and i ∈ C π (y). By Lemma 7, G − xy has ∆-coloring σ similar to π such that σ (wz) = k and i ∈ C σ (z). We choose α as follows: α(wx) = k, α(wz) = π (wx), α(yz) = i, α(xy) = π (wx), and α(e) = π (e) for every other edge e. Then α is a ∆-coloring of G, which is a contradiction. Theorem 11. Let G be a ∆-critical graph of order 2k and let xy ∈ E(G). Then
Proof. Let π be a ∆-coloring of G − xy with color classes E 1 , E 2 , . . . , E ∆ . Note that |C π (x) ∩ C π (y)| = d(x) + d(y) − ∆ − 2. Let |C π (x)∩C π (y)| = l. If this theorem is false, then e(G) ≥ (k−2)∆+d(x)+d(y) = (k−1)∆+d(x)+d(y)−∆ = (k−1)∆+l+2. Hence, there exist l + 1 color classes having edge number k. It follows that |C π (x) ∩ C π (y)| ≥ l + 1, which is a contradiction.
The proof is now complete. Let δ = δ(G) and let v be a vertex of G having degree δ. Let u ∈ N(v); then d(u) ≤ ∆ and so d(u) + d(v) ≤ ∆ + δ. By Theorem 11, e(G) ≤ (k − 1)∆ + δ − 1. Thus, we have arrived at the following result: Corollary 12 (Fiorini and Wilson [6] ). Let G is a ∆-critical graph of order 2k. Then e(G) ≤ (k − 1)∆ + δ − 1.
An inequality involving the number of major vertices of critical graphs
Theorem 13. Let ∆ ≥ 4 be an integer. If G be a ∆-critical graph, then
Proof. To each major vertex v in G, assign a (∆ − 2)-tuple (i 2 , i 3 , . . . , i ∆−1 ) where i t is the number of vertices of degree t adjacent to v. We denote by Φ the set of all such (∆ − 2)-tuples associated with each major vertex of G. We first prove that
Let q be the smallest index of all non-zero elements of the (∆ − 2)-tuple (i 2 , i 3 , . . . , i ∆−1 ), and let v be a major vertex associated with this (∆ − 2)-tuple. By Lemma 1(1) , v is adjacent to at least ∆ − q + 1 major vertices, and so it must be adjacent to at most ∆ − (∆ − q + 1) = q − 1 minor vertices. Thus, ∆−1 j=2 i j ≤ q − 1, and hence
Let n(i 2 , i 3 , . . . , i ∆−1 ) be the number of major vertices of G associated with the (∆ − 2)-tuple (i 2 , i 3 , . . . , i ∆−1 ), and let M be the set of all major vertices of G. Then, for each j ∈ {2, 3, . . . , ∆ − 1},
Since each vertex of G is adjacent to at least two major vertices,
(4)
By these inequalities (2)-(5), we have
which can be simplified as
If r = 0, then applying (1) to (6), we have
If r = 0, then let x ∈ R, and we find that there is a vertex y in S ∆−1 such that xy ∈ E(G). By Lemma 2(1), every vertex of N(x, y) \ {x, y} is a major vertex. By Lemma 2(3), every vertex of N(N(x, y)) \ {x, y} is a major vertex. Then every vertex N(x) \ {y} is associated with the (∆ − 2)-tuple (0, 1, 0, . . . , 0). Hence, the (∆ − 2)-tuple (0, 1, 0, . . . , 0) ∈ Φ and n(0, 1, 0, . . . , 0) ≥ r. Let Φ = Φ \ {(0, 1, 0, . . . , 0)}. Then, by (1) and (6) from which we can derive the required inequality. The proof of Theorem 13 is now complete.
A conjecture
In 1974, Jakobsen [9] conjectured that there are no critical graphs of even order. Over five years later, Gol'dberg [7] constructed an infinite family of 3-critical graphs of even order. The smallest known critical graph of even order which
